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In 1876 Rayleigh found a neat theorem relating electrical conductances of a 
quadrilateral shaped plate having unit conductivity. He showed that the conduc- 
tance between one pair of opposite edges is the reciprocal of the conductance 
between the other pair of opposite edges. (This is obvious for a rectangular plate.) 
Let u be the electrical potential function in the first situation and let u be the 
potential function in the second situation. Then a proof of the theorem can be 
given by taking u and u to be conjugate harmonic functions. The first goal of this 
note is to show that Rayleigh’s reciprocal theorem can be generalized to hold for 
plates which are neither isotropic nor homogeneous. In other words the conductiv- 
ity can be a tensor rather than a scalar. Moreover, the two by two conductivity 
tensor can vary arbitrarily from point to point of the plate. Possibly the most 
interesting case of this new generalization results when the conductivity tensor is 
required to be symmetric and have unit determinant at all points. Then it results 
that the complex potential functions of the form f = u + iu share many of the 
properties of classical analytic functions. For example: the sum, product, and 
quotient of complex potential functions all satisfy the same generalized 
Cauchy-Riemann system. 0 1991 Academic Press, Inc. 
I. INTRODUCTION 
This note concerns the flow of electrical current in a conducting plane 
under the law of Ohm. Thus there is an electrical potential U(X, y> which 
drives the current flow. There is a stream function u(n, y) whose level 
lines are the lines of flow. If the plate were homogeneous and isotropic 
then u and u satisfy the Cauchy-Riemann equations, 
vy = ux, -v, = uy (subscripts denote differentiation) 
and (CL, U) is termed a conjugate pair. Then, of course, (u, -u) is also a 
conjugate pair and so u and v play dual roles. 
However, suppose the conductivity of the plate is not constant but 
periodic, such as an infinite checkerboard of small black and white 
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squares. This poses the problem of determining the effective conductivity 
of the checkerboard in the large. Joseph B. Keller [4] discovered that the 
effective conductivity of the checkerboard is the geometric mean of the 
conductivities of black and white. In [7] I gave a different proof based on 
conjugate functions of generalized Cauchy-Riemann equations holding 
for non-homogeneous media [3]. 
The checkerboard is just one of many homogenization problems. Luc 
Tartar [6] defines homogenization as an area of science which includes 
mathematical results which help understand the relation between the 
microstructure of a material and its macroscopic properties. This renewed 
interest in such classical areas prompted me to reexamine the law of Ohm. 
Attention is focused on the general case of flow, when the plate is 
neither homogeneous nor isotropic. This is termed the primate plate. Then 
u and u satisfy a system of equations analogous to the Cauchy-Riemann 
equations, but having variable coefficients. We term this the primate 
system. However (v, -u) is, in general, not a solution of the primate 
system. 
By simple rational operations the primate system is transformed into 
another of Cauchy-Riemann type which we term the conjugate system. 
The conjugate system defines the flow in another plate termed the conju- 
gate plate. The conductivity coefficients for the conjugate plate are simply 
related to those of the primate plate. Moreover, the duality between 
potential function and stream function is restored. Thus (u, U) is a solution 
of the primate system if and only if (v, -u) is a solution of the conjugate 
system. 
In the final section of this paper a reduction of the generality is assumed 
so that the primate plate and the conjugate plate are the same. This 
condition is termed unimodularity and simply requires that at each point 
of the plate the determinant of the two by two conductivity matrix is unity. 
A unimodular plate does not have to be homogeneous or isotropic. 
Let (u, u) be a solution to the primate equations for a unimodular plate. 
Then a complex function of the form 
f(x, Y) = I+, Y) + 4.5 Y> 
is termed an abalytic function. Abalytic functions possess many of the 
properties of analytic functions. For example, if f is abalytic then 
f 2 = u2 - u2 + 2iuv, 
where u2 - u2 and 2uu are unimodular conjugates. Again, sin(f) is 
abalytic etc. 
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II. PLANAR FLOW UNDER THE LAW OF OHM 
The physical phenomena of concern in this note is the steady flow of 
electricity in a thin plate which is neither homogeneous nor isotropic. The 
plate is given rectangular coordinates (x, y). The x and y component of 
surface current density are denoted as p(x, y) and q(x, y) in amperes per 
centimeter. 
Ohm assumed that the current is proportional to the drop in electrical 
pressure. (Fortunately he had not heard about semiconductors.) Thus let 
U(X, y> be the electrical potential in volts. Then a very general form of 
Ohm’s law for planar flow is: 
-P = a(x, Y>U, + b(x, Y)U,, (1x1 
- 4 = c(x, Y)U, + 4x7 Y)U,. PY) 
Restrictions sufficiently general to meet any physical situation are: 
a, b, c, d are piecewise continuous functions, (2) 
a > 0, d > 0, ad - bc > 0. (3) 
If there are no magnetic fields it may be assumed that 
C(X,Y) = b(x,y) (according to Onsager theory). (4) 
If there are magnetic fields, the Hall effects invalidates (4). 
This note restricts attention to the case where the surfaces of the plate 
are insulated. Thus the current is source free and, consequently, 
dv = qdx -pdy is a perfect differential. (5) 
Thus a line integral produces a unique differentiable function v(x, y) so 
that 
Then, of course, 
v, = 4 and vy = -p. (6) 
pv, + qv, = 0 (7) 
and this shows that the gradient of v(x, y) is orthogonal to the lines of 
flow. For this reason v is termed a stream function. 
To give a quantitative interpretation of the stream function consider the 
flow across the line segment between two horizontal points, say 1 and 2. 
Then it follows from the line integral that the net current flowing upward 
is v(2) - v(l). Likewise the line integral shows that the net current flowing 
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to the left across a vertical line segment between the points 2 and 3 is 
v(3) - v(2). Points 1,2,3 form a right triangle and so u(3) - v(l) is the net 
current circulating in the positive direction about point 1 through the 
hypotenuse. In short, 
u(3) - U( 1) = circulation about point 1 up to point 3. (8) 
Inserting relations (6) into Eqs. (1) for the currents gives the following 
relations between stream function and potential function: 
vy = au, + buy, (9x1 
- v, = cu, + du,. (9,) 
We term this the primate system-all properties of the conducting plate 
problem are dependent on it. Mathematically it may be characterized as 
an elliptic system of first-order partial differential equations. Boundary 
value theorems for elliptic systems have been studied and developed by a 
host of existentialists. 
III. THE CONCEPT OF A CONJUGATE PLATE 
The primate system may be regarded as giving v in terms of U. A system 
giving u in terms of u is obtained by applying Cramer’s rule to (9): 
-UY 
=Av, + cv,, (10X) 
ux = Bv, + Dv,. (10,) 
We term this the conjugate system. The coefficients of the conjugate 
system are given as: 
A = a/e, B = b/e, C = c/e, D = d/e, e = ad - be. 
(11) 
One sees that A, B, C, D also satisfy the regularity restrictions (2), (3), and 
a = A/E, b = B/E, c = C/E, d = D/E, E=AD-BC. 
(12) 
The right side of Eqs. (10) “looks like” an Ohm’s law matrix. In that 
case there is a conjugate current with components P and Q such that 
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Ohm’s law for the conjugate system is 
-P = Au, + cu,, 
-Q=Bu,+Du,. 
Then comparing (10) and (13) gives the following analogy to (6): 
u,= -Q and uY = P. 
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Thereby we know that du = - Qdr + Pdy is a perfect differential. Hence 
the correspondence between the primate system and the conjugate system 
is complete. 
It is now seen that the functions u and v play dual roles in this 
formulation of the theory. For the primate system, u is the potential 
function and v is the stream function. For the conjugate system, u 
becomes the potential function and --u becomes the stream function. In 
this sense, u and u may be termed conjugate functions. 
If a physical plate has conductivity tensor [a, b, c, d] then it may be 
termed the primate plate. Then the conjugate plate will be a physical plate 
having conductivity tensor [A, B, C, D]. Of course it might be extremely 
difficult to obtain a laboratory model for the conjugate plate. 
IV. THE CONDUCTANCE OF QUADRILATERALS 
Consider a plate having the shape of curvilinear quadrilateral such as 
shown in Fig. 1. The nodes are denoted as 1,2,3,4 and the edges as, 
I, II, III, IV. A central electrical problem is defined and solved by this 
lemma. 
2 
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FIG. 1. Curvilinear quadrilateral. 
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LEMMA 1. The conductance g between opposite edges I and edge ZZZ of a 
quadrilateral plate when the other edges are insulated is 
g = b(3) - ~(1)1/b(1) - ml * (14) 
Here (u, v) is a solution of a boundary value problem for Eqs. (9) such that 
the potential function u has a constant value u(l) on edge Z and a different 
constant value u(3) on the opposite edge III. At the same time the stream 
function v is to take on a constant value v(1) on the edge IV and a constant 
value v(3) on edge ZZ. 
Proof The potential drop in going from edge I to edge III is u(l) - 
u(3). The net flow between edge I and edge III is given by formula (8) to 
be v(3) - v(l). But (flow)/(potential drop) is the definition of conduc- 
tance and so (14) holds. 
The following theorem generalizes previous results [2,3] going back to 
Rayleigh [ 11. 
THEOREM 1. The conductance of a curvilinear quadrilateral plate be- 
tween opposite edges is the reciprocal of the conductance of the conjugate 
plate between the other pair of opposite edges. 
Proof Let G be the conductance between opposite edges IV and II of 
the conjugate plate. Now apply Lemma 1 to the conjugate plate with U as 
the potential function and V as the stream function. Thus (14) becomes 
G = [I’(3) - W)1/[u(3) - u(l)]. (Id*) 
But the two plates are conjugate so we can take U = u and V = -u so 
G = [-u(3) + u(l)]/[u(3) - v(l)]. (15) 
Comparing (14) and (15) shows that G is the reciprocal of g. 
A quadrilateral plate is said to be self-conjugate if when rotated 180” 
about a diagonal line its properties are identical with the conjugate. Such 
a plate is shown in Fig. 2, where the line l-3 is the diagonal axis of 
rotation. 
THEOREM 2. Self-conjugate quadrilateral plates have unit conductance 
between opposite edges. 
Proof Rotating the plate 180” about the diagonal line, as an axis, 
transforms the plate into a conjugate plate. But this rotation causes the 
side VI of the conjugate to become the side I of the primate. Likewise the 
side II of the conjugate becomes the side III of the primate. Thus 
Theorem 1 states that the conductance between sides I and III is its own 
reciprocal. Since conductance is positive it must be unity. 
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FIG. 2. Rotated quadrilateral. 
It is of interest to have a formula for the conductance of a self-conjugate 
plate. It is easiest to treat the case when the x-axis is taken along the 
diagonal of rotation. Then the point z = (x, y) rotates into the point 
z * = (x, -y>. Then the conductivity matrix should satisfy: 
[a, b,c,d] at z gives [A, -C, -B, D] at z*. (16) 
V. PRODUCTION OF HEAT IN PLATES 
Electrical power is given by potential drop times flow. Thus the power 
density supplied to the primate plate is 
w = -pu x - qu, watts/cm2. (17) 
This power is all transformed into heat. Substituting the expressions for p 
and 4 given by Ohm’s law results in 
w = a(uJ2 + (b + c)u,uy + d(uJ2. 
The integration of this function over the surface of a quadrilateral plate 
gives an analog of the Dirichlet integral for such a region. 
LEMMA 2. A conjugate pair (u, u) satisfies the identity: 
a(u,)’ + (b + c)u,uy + d(u,)2 = A( u,)~ + (B + C)U,U, + II(u 
(19) 
Thus the heat in the conjugate plate is the same as the heat in the primate 
plate. 
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Proof. Using relations (6) and (6*) gives 
pu, + qu, = Pv, + QvY. (20) 
The proof of (19) then follows by symmetry. 
VI. AN ALGEBRA FOR NON-ANALYTIC POTENTIALS 
It is now desired to restrict the generality of the conductivity tensor to 
restore some of the nice properties of classical conjugate functions. In the 
classical case the primate plate and the conjugate plate are the same. To 
restore this property we introduce the following: 
DEFINITION. A unimodular plate has a symmetric conductivity tensor 
whose determinant is unity. 
Then c = b and ad - b2 = 1. Hence [A, B, B, D] = [a, b, b, d] and so 
a unimodular plate has identical properties with its conjugate plate. Under 
these conditions it is now advantageous to use complex-valued potential 
functions. To this end we introduce the following: 
DEFINITION. A differentiable function f(x, y) is said to be abalytic in a 
region of the plane if and only if at all points 
af, + bf,, + if, = 0. (21) 
Here a(x, y) and b(x, y) are given. They are real piecewise continuous 
functions in the region and a > 0. 
In this terminology a “one-oh-alytic” function is the classical analytic 
function satisfying f, + if, = 0. It is convenient to abbreviate (21) as 
Sf = 0, where S is the differential operator a( 1, + b( IY + i( jY. 
THEOREM 3. u and v are unimodular conjugates if and only if 
f=u+iv (22) 
is an abalytic function. 
Proof If f is abalytic we separate Eq. (21) into real and imaginary 
parts to obtain the following equivalent system: 
au, + bu, - v, = 0, (23) 
au, + bv, + uY = 0. (24) 
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Substituting u,, from (23) into (24) gives 
au, + abu, + (b2 + l)u, = 0. 
But b2 + 1 = ad so d > 0 and 
au, + abu, + adu, = 0. 
Dividing by a gives 
bu, + du, + v, = 0. (25) 
But Eqs. (23) and (25) are the relations which define u and u as unimodu- 
lar conjugates. 
Conversely suppose that (23) and (25) hold. Then it is noted that the 
steps going from (24) to (25) are reversible. Thus (24) holds as well as (25) 
and consequently f is abalytic. 
THEOREM 4. A rational function of abalytic functions is an abalytic 
function. 
Proof. If j is a complex constant then Sj = 0, so that the constants are 
abalytic. If f and g are abalytic then 
S(f+g) =Sf+Sg=O; 
so the sum of abalytic functions is abalytic. Again, 
Sfg = gSf + fSg = 0; 
so the product of abalytic functions is abalytic. Finally, 
S(f/g) = (l/g)Sf - (f/g2)Sg = 0, if g isnot0. 
So the quotient of abalytic functions is abalytic and the proof is seen to be 
complete. 
THEOREM 5. Suppose H(z) is an analytic function which is analytic at 
all points z in the range of an abalytic function f. Then H(f) is an abalytic 
function. 
Proof. SH(f) = H’(f)Sf = 0. 
An upshot of this analysis is: Suppose we are given a single solution f to 
the steady flow of electricity in a plate with unimodular conductivity tensor 
but otherwise non-homogeneous and non-isotropic. Then the magic opera- 
tor S conjures up a whole sea of additional solutions. Like the sorcerer’s 
apprentice we must resist drowning in them! 
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